Abstract -For the fractional integration operators of any positive order on the half-line and on a bounded interval we explicitly present a singular value decomposition, thereby considering these operators as acting on and into the spaces of functions square integrable with appropriate weights. The results obtained amount to an interpretation of the properties of systems of orthogonal polynomials.
INTRODUCTION
The inverse of a compact linear operator acting on and into an infinite-dimensional Hubert space (two Hubert spaces may be involved) is not continuous. Hence, when numerically solving the corresponding operator equation, we have to cope with illposedness, especially if the data function (as is common in applications) is given only approximately. One way of dealing with the arising difficulties is to use filtering techniques via singular value decomposition -either directly or by devising a regularization scheme or analysing this scheme theoretically [2, 7, 9] .
Let U and V be infinite-dimensional Hubert spaces, and let A: U -» V be an injective compact linear operator. Then there exist (i) an orthonormal basis {uj}j £^ in U\ (ii) an orthonormal system {vj}j^ in V\ (iii) a nonincreasing sequence {vj}^^ of positive numbers with limit 0 as j -> oo, such that is valid. We consider, for a > 0, the operators of fractional integration
in weighted L 2 -spaces U, V on the interval Ω = (α, 6) [= R+ or (-1,1)] with the corresponding weight functions φ, ψ and scalar products
As to general information on these operators, the reader is referred to [6, 10, 12] .
In [2] and [9] we find as an example the singular value decomposition of the operator 73, acting from L 2 (0, 1) to L 2 (0, 1). We have For these Jacobi polynomials Ρ$*^(ί) and other systems of orthogonal polynomials see [1, 8] . By Stirling's formula we find
The exact singular values σ η of /^ in L 2 (a, 6), -oo < α < b < oo, for arbitrary positive α are not known. However we conclude from [4, 5] that they decay like n~a. In this paper we obtain the singular value decompositions of the operator If for special weighted L 2 -spaces and we note that in some cases the singular values decay like n~a /2 , which implies that the corresponding operator equation in such weighted spaces is less ill-posed.
FRACTIONAL INTEGRATION OPERATORS ON THE HALF-LINE
We take U = L 2 (R + ,</>)> V = 1 2 ($1 + ,ψ) with weight functions φ, ψ to be specified, and the operator Iff: U -» V. By exploiting the properties of the generalized Laguerre polynomials we find a singular system for the operator Ιξ. The generalized Laguerre polynomials are defined as (2.1) n-k they obey the orthogonality relations (see [1] , p. 775), with 6 mn the Kronecker delta,
Furthermore, there exists Koshlyakov's formula (see [11] , p. 462, formula (2) According to Stirling's formula we have
This implies that in this pair of spaces the operator equation considered is less ill-posed than the similar ones in 1/2(0, δ) considered in [4, 5] . The simplest case of (2.5) is β = 0. We then have We are looking for a singular system of the Weyl operator 7" = /£_, 6 = oo in formula (1.4) where φ(ί) = t x e* , ^(«) = ^λ~" e x , λ > α -We put Using (2.2), we have
Therefore, {u n } ne^ and {v n } ne^ are orthonormal complete systems of the spaces L 2 (R + ;y?) and Ζ/ 2 (Κ + ;^Χ respectively.
Applying the formula α-1, α > 0, n (see [11] , p. 463, formula (7)), we obtain
We obtain from (2.10), (2.11) and (2.12) the theorem. 
Singular value decomposition of fractional integration operators
Then {σ η ,Μ Λ ,υ η } η6 |^ with it n , v n as in (2.8), (2.9), is a singular value decomposition qf the operator 7".
FRACTIONAL INTEGRATION OPERATORS ON AN INTERVAL
We are looking for a singular system of the operator /f_ : U -> V for α = fc/2, fc e IN, where 17 and V are suitably weighted L 2 -spaces over the interval (0, 1). We use the Gegenbauer ('ultrasphericaF) polynomials (defined for a > 0) which implies that the system {u n } n€^ is orthonormal in the space £ 2 (Ω;^). Using the formula (valid for α > Ο, λ > -1/2, η € INo, a: G Ω)
[see [11] , p. 518, formula (9) we obtain
which implies that the system of functions {vn}^^ is orthonormal in the space Ζ/ 2 (Ω; ψ). Since {C^(t)} ne^ is a complete basis in the space £ 2 (Ω; (1-2 2 ) A~1/2 ), the family {u n } nî s complete in the corresponding space Ζ/ 2 (Ω;<^). Therefore, {u n } n^ is an orthonormal basis of the space Ζ, 2 (Ω;(/?).
We obtain from (3.7), (3.8) and (3.11) the theorem. 
